Abstract
Introduction
Due to their coupled electro-mechanical behaviour piezoelectric materials and components are widely used in smart systems. At the same time their brittleness and low toughness make them very sensitive against defects like cracks or other stress concentrators. Therefore, static and dynamic crack analysis plays an important role though investigations are involved on account of the electro-mechanical coupling and the anisotropic nature of the material. While in the past mostly single cracks were in the focus of interest, the behaviour of multiple cracks, i.e. crack interaction, recently attracted increasing attention. One reason for that is the observation that a precursor of final failure often is the formation of interacting micro cracks which subsequently coalesce to a macro crack.
Crack systems under static loading have been studied by several authors. Without claiming completeness we mention Zhou and Wang [1] , Sun [2] and Zhou et al. [3] who studied a symmetric system of parallel permeable cracks under anti-plane shear loading by pairs of triple integral equations. Closedform solutions for the in-plane problem of collinear permeable cracks have been presented by Gao and Fan [4] who used the complex potential method while Han and Chen [5] considered parallel impermeable cracks. Zhou and Wu [6] solved the in-plane problem of two and of four parallel permeable cracks in an infinite region by dual integral equations. The results for the stress intensity factors (SIFs) show not only the amplification and shielding effects as they are known from classical isotropic materials but also the influence of the material parameters. They underline the strong effect of the electric crack interaction.
Less attention, compared with static loading, has been paid to crack systems under dynamic load, transient or time-harmonic. This refers to piezoelectric as well as to (uncoupled) anisotropic solids. It was Itou [7] and Itou and Haliding [8] who first computed SIFs for collinear and coplanar in-plane cracks in an infinite orthotropic plane subjected to time-harmonic plane wave by the method of dual integral equations.
A comprehensive treatment of the interaction between two cracks in a piezoelectric plane under steady state in-plane electrical and anti-plane mechanical loads is provided in Wang and Meguid [9] [10] . Their analysis is based on singular integral equations coupled with a so-called pseudo-incident wave method; see Wang and Meguid [11] . With the same method Wang [12] solved the wave scattering of multiple permeable cracks in the interface between two infinite piezoelectric media. A similar problem was solved by Zhao and Meguid [13] . Meguid and Chen [14] studied the transient response of a finite piezoelectric strip with coplanar impermeable anti-plane cracks under electro-mechanical impact. Huang et al. [15] analysed the dynamic interaction among permeable multiple cracks in a strip under anti-plane shear waves. The transient response of two coplanar cracks in a piezoelectric region under anti-plane mechanical and in-plane electric impact loads is investigated in Chen [16] and Chen and Worswick [17] . As further works shall be mentioned those of Sun et al. [18] on unequal parallel permeable interface cracks in a layer bonded to two piezoelectric half planes, Li and Lee [19] on two surface cracks and Su et al. [20] on coplanar interface cracks between two dissimilar piezoelectric strips. All these papers use the singular integral equation method and they are restricted to anti-plane problems and relatively simple crack and loading geometries.
Sanchez [21] , Sanchez et al. [22] and Saez et al. [23] recently presented results for more involved in-plane problems of cracks in a piezoelectric or uncoupled anisotropic plane subjected to incident plane waves. In these works the hypersingular mixed (dual) BIEM formulation is developed, validated and applied where the displacement BIE is used over one of the crack surfaces while the hypersingular traction BIE is applied over the other crack surface. The treatment of the hypersingular integrals is carried out by means of variable change that transforms the boundary to the complex plane in conjunction with the singularity subtraction method.
The aim of the present paper is threefold. First, as an alternative to the just mentioned hypersingular mixed BIEM formulation the use of nonhypersingular traction BIEM for the treatment of crack systems shall be discussed. This method initially was introduced for the solution of wave scattering problems in isotropic cracked domains by Zhang and Gross [24] and later extended to single cracks in uncoupled anisotropic and piezoelectric media by Gross et al. [25] and Dineva et al. [26] . In this method the unknown variables are the displacement jumps across the crack faces. Its advantages are among others that all integrals are non-hypersingular and that discretization and collocation is necessary only along one of the crack's surfaces. Secondly, the flexibility, efficiency and accuracy of the method shall be demonstrated. These properties rely on the fundamental solution which is obtained by Radon transform and evaluated semi-analytically. By this means an anisotropic material may be considered as a simplified case of a piezoelectric material which needs no specific treatment. Finally, as examples of crack systems, various configurations of interacting in-plane cracks loaded by plane waves of different incident angles are considered. Parametric studies for the SIFs reveal the influence of the crack geometry, the incident wave's frequency and angle.
The paper is organized as follows. In section 2 the boundary-value-problem is formulated. The non-hypersingular traction based BIEM and its numerical realization are discussed in sections 3 and 4. Finally, in section 5, numerical examples are solved and validation and parametric studies are presented followed by some conclusions in section 6.
Problem statement
Consider an infinite, transversely isotropic piezoelectric domain containing N straight cracks Γ k , k = 1, .., N of length 2a k subjected to incident timeharmonic L-or SV-waves with angular frequency ω and incident angle θ with respect to x 1 , see Figure 1 . The material symmetry axis, i.e. the poling direction coincides with the x 3 -axis and plane strain deformation is assumed in the x 1 , x 3 -plane. The non-zero field quantities then are the displacement u i , the stress σ ij , the dielectric displacement D i and the electric field E i , where i, j = 1, 3. The location of the k − th crack with respect to the global x 1 , x 3 -incident wave 
The scattering problem in absence of volume forces and charges is described by the mechanical and electrical balance equations
the strain-displacement and electric field-potential relations
and the constitutive equations
Here Φ, s ij and ρ are the electric potential, the strain tensor and the mass density, respectively. Subscript commas denote partial differentives and the summation convention over repeated indices is invoked. The material parameters consist on the elastic stiffnesses c 11 , c 33 , c 44 , c 13 , the dielectric constants ε 11 , ε 33 and the piezoelectric constants e 31 , e 33 , e 15 . The problem statement is completed by the boundary condition along the crack faces and Sommerfeld's radiation condition at infinity. The crack faces, for simplicity, are assumed to be free of mechanical tractions and surface charges, i.e. impermeable cracks are assumed:
Using the Davi and Milazzo [27] notation where
, and t J = σ iJ n j are the generalized displacement, strain, stress and traction, respectively, equations (2), (3) and (4) can be written in the compact form
where
is the generalized stiffness tensor. The boundary condition (5) takes the form
In the special case when the piezoelectric constants vanish, i.e. e ij = 0, equations (6-9) degenerate to the uncoupled anisotropic case. As further specialization the mechanical isotropic case will be described when the stiffnesses are chosen as
The total wave field can be written as a sum of the incident and the scattered wave field [25] for piezoelectric materials and in [26] for the anisotropic case. The scattered wave field is unknown and has to be determined. It has to satisfy equations (6-9), Sommerfeld's radiation condition at infinity and the boundary conditions (9) which in conjunction with (10) can be rewritten as
3 Non-hypersingular traction BIEM and numerical realization
Comparing the piezoelectric crack boundary value problem in generalized notation with that of the corresponding elastic problem, a total agreement can be stated. In view of this, following Gross and Zhang [28] and Zhang and Gross [24] , the representation formula for the scattered wave field can be expressed as
where x = (x 1 , x 3 ) is the source point, y = (y 1 , y 3 ) is the observation point,
KQ, l is the stress derived from the fundamental solution U * QK of eq. (6) . Its behavior including the spatial derivatives and asymptotic expansion for small arguments are discussed in [25] for piezoelectric materials and in [26] for the elastic anisotropic case. Furthermore, ∆u
is the unknown generalized crack opening displacement (COD) on the crack Γ k and n k i is the outward normal vector at the observation point on the k − th crack Γ k . The non-hypersingular traction boundary integral equation is obtained by differentiating (12) , substituting the result into (6), satisfying the boundary condition (11) and taking the limit x → Γ k :
Eqs.(13) forms, strictly speaking, a system of integro-differential equations with respect to the unknown ∆u k J along the cracks.
The numerical treatment of (13) follows the procedure developed by Gross et al. [25] and Dineva et al. [26] which has been realized within a FORTRAN code. The BIEs are collocated along each crack where the displacement and traction are approximated with parabolic shape functions which satisfy H?lder continuity at least at the collocation points. Their asymptotic displacement behaviour near the crack tip is of the type O ( √ r) while the traction behaves
Quarter-point boundary elements (QP-BE) are implemented in a quadratic boundary element discretization. The disadvantages of the standard quadratic approximation concerning the smoothness at irregular points as crack-tips and odd nodes of the discretization mesh are avoided by the shifted point method proposed by Rangelov et al. [29] . After discretization the obtained integrals are at least Cauchy principal value (CPV) integrals. The regular integrals are computed employing the Gaussian quadrature scheme for one-dimensional integrals and Monte Carlo integration scheme for two-dimensional integrals where integration is done over the boundary element and over the unit circumference which is involved in the 2D fundamental solution, see Gross et al. [25] . All singular integrals and integrals with logarithmic singularity are solved analytically for the small neighbourhood of the source point, using the approximation of the fundamental solution for a small argument, and numerically for the remaining part of the boundary element. Finally, satisfying the boundary conditions, an algebraic system of equations for the discrete CODs ∆u k J , along the N cracks is obtained. Once having calculated the solution for a given frequency ω, the displacements and tractions of the scattered wave field, and by this the total field, can be determined in the whole domain from the representation formula (12) .
Knowing tractions, the generalized dynamic SIFs at the tips of the k − th crack are calculated by using the formulae
where t k J , J = 1, 3, 4 is the generalized traction ahead of the crack-tips of the k − th crack. Regarding the electrical SIFs, the electric field SIF K 
Results

Piezoelectric solids
In the following SIF results are presented for a single crack and for different two-crack configurations, see Fig.2 . For simplicity all cracks are of length 2a = 5mm. Numerical studies showed that 7 boundary elements for each crack are sufficient to achieve a satisfying accuracy within the considered frequency range. The first and the last element are QP-BE while the remaining elements [25] . A comparison with those of Shindo and Ozawa [30] and Sanchez [21] leads to computational differences less than 8%. This indicates that the numerical scheme works satisfactory albeit the low number of chosen elements. The results are additionally compared with those of collinear and stacked cracks, respectively, which are far away from each of other. For this case SIFs as for a single crack can be expected since the interaction between the two cracks is neglegible on account of their large distance. This fact is properly reflected by the results which verify again the applicability of the numerical scheme. Finally, by comparison of Figures 3a and 3c , it can be observed that the shape of the SIF versus frequency curves is slightly different, i.e. the specific material properties have a noticeable influence. In Figure 4 Figure 4: K-factors vs. frequency for two collinear cracks in a piezoelectric material; comparison with results of Sanchez [21] and dependence on distance e dynamic SIFs for the inner crack tips of two collinear cracks under a normal incident L-wave are depicted. First, a comparison of ourK + I -results with those of Sanchez [21] for the crack-tip distance e=a in Fig.4a shows again an excellent agreement. Secondly, a significant influence of the the material properties and the crack distance is noticable. For e=a the so-called dynamic overshoot, i.e. the maximum ofK + I and its location, is different for PZT-5H and PZT-6B (Figs.4a, b) . Unexpectedly, for PZT-6B this maximum is below that for a single crack wich also appears for the electric SIF. When the cracktips approach each other the maximum SIFs in general increase. This clearly can be seen in Figs.4b,c for e = a/4. Stress intensity factors versus frequency Figure 5 : K-factors at crack Γ 1 vs. frequency for two stacked cracks in a piezoelectric material; dependence on distance e for the lower crack of two stacked cracks under normal incident L-waves are plotted in Figure 5 . Because this problem is unsymmetric with respect to the wave-cracks-configuration, a mode-II SIF appears. The dynamic overshoot for all SIFs of this configuration increases significantly with decreasing crack distance e. For the small crack distance e = 2a/3 a sharp resonance peak at Ω = 1.1 can be observed, but in general the strength of the crack interaction depends on the frequency. Comparing the peak values with those for collinear cracks in Fig.4 it can be concluded that the crack interaction effect is much stronger for stacked cracks than for collinear cracks. Calculations with similar results have been done by Sanchez [21] for another material. They are not shown here because of the different material parameters. The influence of an oblique wave incidence is shown for collinear cracks in Fig.6 . Considered are SIFs at the inner crack tip of the left crack for L-and SV waves with an incidence angle θ = π/4. By comparison of Fig.6a with Fig.4b for a L-wave it can be seen that the mode-I SIFs for all crack distances e are significantly smaller than for a normal incident angle. But now in addition a mode-II SIF appears, see Fig.6b , which is not present for normal incidence. The mode-I SIFs for the SV-wave in Fig.6c are smaller than for the L-wave but they show 
Anisotropic solids
The following examples, for simplicity, are restricted to cracks in orthotropic materials with a symmetry axis parallel to x 3 , i.e. the effect of material alignment is not considered. The investigation and the numerical scheme follow exactly the line described in sections 2-3. A detailed validation study for a single crack in an isotropic, orthotropic and transversely-isotropic material subjected to normal incident L-waves has already been given by Dineva et al. [26] , comparing the authors' BIEM results with those of Ohyoshi [31] and Dhawan [32] . Regarding two-crack systems, without showing it in detail, the SIF-results of our numerical scheme for large distances between two interacting cracks converge, as in the piezoelectric case, to the solutions of a single crack. In Figures 8 and 9 SIFs determined by the proposed BIEM [8] for stacked cracks and of Itou [7] for collinear cracks under normal incident L-wave loading. The orthotropic material in Figures 8a and 9a ,b is a Boron-Epoxy composite with the properties E 1 = 224.06GP a; E 3 = 12.69GP a; µ 13 = 4.43GP a; ν 13 = 0.256, while a Graphite-Epoxy composite is considered in Fig.8b with E 1 = 158.06GP a; E 3 = 15.3GP a; µ 13 = 5.52GP a; ν 13 = 0.34. The dynamic SIFs are normalized by σ 0 √ a in [8] and by σ 0 √ πa in [7] , where σ 0 = c 33 In the following we consider anisotropic materials with properties defined in [31] where c ij = s ij C with C = 6.6495GP a and ρ = 2.4. 33 which is different from that used in Figs.8 and 9 . Results for stacked cracks in a case-6 material subjected to normal incident L-waves are depicted in Fig.10 . The peak values of both the mode-I and mode-II SIFs increase with decreasing crack distance. This tendency and the formation of sharp resonance peaks are similar as in the piezoelectric case, see Fig.5 . Furthermore, it can be observed that compared with the single crack the peaks are shifted slightly to higher frequencies. It also should be noted that in case of a single crack no mode-II SIF is present. All these effects are clearly induced by crack interaction. The dynamic mode-I SIFs versus frequency are plotted for the inner crack tips of collinear cracks under normal incident L-wave loading in Fig.11 . Compared are results for two different crack distances e and the two different materials: case-6 in Fig.11a and case-7 in Fig.11b . As expected, the peak value increases with decreasing distance e for both materials but the influence of different material parameters is significant. Mentioned in this context shall only be the differences in the shapes of the SIF-curves, in the location of the peaks and their shift to lower frequencies for decreasing distance e. Similar phenomena can be observed in Fig.12 where again results for collinear cracks in two different materials are shown, but now for an oblique L-wave loading under θ = π/4. Here the mode-I SIFs for the case-6 material are generally higher than for case-7 while the opposite is true for the mode-II SIFs. Fig.12c clearly reveals the frequency character of both the shielding and amplification phenomena. In the frequency interval Ω ∈ [0.1, 1] an amplification effect for the shortest crack distance e = a/2 is visible, while in the higher frequency interval Ω ∈ [1.2, 2] a shielding effect is present. 
Conclusion
2D wave scattering by 2-crack systems of impermeable cracks in piezoelectric materials is considered. As solution procedure a numerical scheme is used which is based on nonhypersingular traction BIEM and the Radon transformed fundamental solution. Both the SIFs and the scattered wave field can be evaluated and used for application in dynamic fracture mechanics and non-destructive testing correspondingly. The elastic anisotropic problem is considered as a special case of the piezoelectric case. Numerical simulations reveal typical crack interaction phenomena such like amplification and shielding effects. Parametric studies for wave scattering by different crack systems show that the local crack tip fields, expressed by the SIFs, are a complex result of many interacting factors as the crack configuration, material properties, wave type and its characteristics, coupled character of the dynamic load and the crack-crack and wave-crack interaction phenomena.
